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Abstract

The acoustic behavior of perforated dissipative circular mufflers with empty extended inlet/outlet is investigated in detail

by means of a two-dimensional (2D) axisymmetric analytical approach that matches the acoustic pressure and velocity

across the geometrical discontinuities, and the finite element method (FEM). The complex characteristic impedance,

wavenumber, and perforation impedance are taken into account to evaluate the axial wavenumber in the fibrous material

and the central perforated pipe. Two different analytical procedures are presented that allow the computation of the modal

wave coefficients for the muffler sections. Benchmarking against FE calculations exhibited an excellent agreement. Both

approaches are also compared with experimental work for further validation. Several effects are examined, including the

extended inlet/outlet ducts, absorbent resistivity, the porosity of the perforations, and the muffler dimensions, and

compared with muffler configurations of earlier studies, such as reactive extended inlet/outlet expansion chambers,

dissipative mufflers without extensions, and mufflers with absorbent-filled extensions. It is shown that the use of empty

extensions leads to quarter-wave resonances providing an improved acoustic performance of the muffler at low to mid

frequencies. Also, the presence of sound-absorbing material partially retains the desirable behavior of the dissipative

mufflers at higher frequencies.

r 2007 Elsevier Ltd. All rights reserved.
1. Introduction

The presence of extended inlet/outlet ducts in a reactive expansion chamber is known to provide an acoustic
attenuation performance in which a combination of broadband domes and resonant peaks is found below the
onset of the first excited higher-order mode [1–3]. By a suitable selection of the lengths of extended ducts, it is
possible to match the resonances with the pass-band frequencies, thus improving the acoustic behavior over a
wide frequency range for single-chamber mufflers [3] as well as multiple-chamber configurations [4]. This
enhancement of the transmission loss is primarily associated with the low and mid frequency range, where
planar propagation dominates the acoustic field.
ee front matter r 2007 Elsevier Ltd. All rights reserved.
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Nomenclature

An; Bn; Cn; Dn; En wave coefficients in regions
A, B, C, D, and E

c0 speed of sound in air
~c complex speed of sound in the absorbing

material
dh perforate hole diameter
f frequency
Hu uth-order Struve function
j imaginary unit
Ju uth-order Bessel function of the first kind
k0 wavenumber in air
~k complex wavenumber in the absorbing

material
kz;A;n; kz;B;n; kz;C;n; kz;D;n; kz;E;n axial wavenum-

bers in regions A, B, C, D, and E

kr;A;n; kr;B;n; kr;D;n; kr;E;n radial wavenumbers in
regions A, B, D, and E

kr;C;n; ~kr;C;n radial wavenumbers in region C, air
and absorbing material

N maximum mode number for series ex-
pansion

n mode number
LB, LC, LD lengths of regions B, C, and D

PA, PB, PC, PD, PE acoustic pressure in regions
A, B, C, D, and E

R flow resistivity of the absorbing material
r radial coordinate
R1, R2 radii of inlet/outlet ducts and chamber

s mode number of weighting functions
TL transmission loss
tp perforated screen thickness
UA, UB, UC, UD, UE acoustic axial velocity in

regions A, B, C, D, and E

Ur acoustic radial velocity across central
perforated pipe

Yu uth-order Bessel function of the second
kind

Z0 characteristic impedance of air
~Z complex characteristic impedance of the

absorbing material
z1, z2 axial coordinates

Greek symbols

G Euler’s gamma function
r0 air density
~r complex density in the absorbing materi-

al
s porosity of perforated screen
cA;nðrÞ; cB;nðrÞ; cC;n;PðrÞ; cD;nðrÞ; cE;nðrÞ pressu-

re eigenfuntions for regions A, B, C, D,
and E

cC;n;U ðrÞ velocity eigenfuntion for region C

o angular frequency
~zp1; ~zp2; ~zp3 nondimensionalized acoustic impe-

dances of perforated central pipe, left
and right lateral screens

F.D. Denia et al. / Journal of Sound and Vibration 302 (2007) 1000–1017 1001
However, alternative attenuation procedures may be required for high frequencies, with the use of fibrous
material being the most common approach in this case. Dissipative ducts and silencers have been modeled
both numerically [5–8] and analytically [9–17]. The latter category includes both one-dimensional (1D) and
multidimensional approaches, and presents an alternative to purely numerical schemes. Wang [9] presented a
1D model based on a decoupling scheme to obtain the acoustic performance of resonators with absorbing
material, including the mean flow and a central perforated tube. For some geometrically simple
configurations, such as circular mufflers, Peat [10] and Kirby [11] derived explicit algorithms based on
approximations of Bessel and Neumann functions, while avoiding an iterative process and providing a faster
computation. Kirby also considered the convective effect of the mean flow and a central perforated duct. In
addition, extra terms in the approximations of the Bessel and Neumann functions are included in comparison
with Ref. [10], which enabled the modeling of larger silencers and/or higher frequencies. Both studies provided
comparisons with some experimental results, showing a reasonable agreement. Cummings and Chang [12]
considered a circular dissipative muffler without perforated pipe and included the mean flow in the central
passage and in the absorbing material. They presented an analytical approach based on the mode-matching
method and obtained good agreement between predictions and measurements with six modes evaluated from
the transversal eigenequation. In Ref. [13], the acoustic behavior of circular dissipative mufflers is studied in
detail by a 2D analytical approach, while varying the fibrous material resistivity and thickness, and the
chamber diameter. Comparison with boundary element results and experimental measurements showed good
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agreement for a number of modes equal or greater than nine. Selamet et al. [14] extended this analysis to
consider the presence of a concentric perforated screen and studied the effect of absorbent resistivity and
thickness, screen porosity, and chamber diameter and length. A reasonable agreement was obtained between
the analytical and numerical predictions and the measurements. For mufflers with arbitrary (but axially
uniform) cross-section, Glav [15] derived a transfer matrix for dissipative silencers, in the absence of mean flow
and perforations. The acoustic field inside the muffler was evaluated by combining the point collocation
technique to solve the tranversal eigenvalue problem, and the mode-matching method in the inlet/outlet. For
dissipative mufflers with mean flow and a concentric perforated pipe, Kirby [16] presented a method whereby a
2D finite-element eigenvalue calculation is combined with a point collocation matching scheme in the inlet/
outlet ducts. The method is shown to provide good agreement with the experimental results, and the
computational effort is reduced compared with a complete three-dimensional numerical approach. These
studies have illustrated the suitability of dissipative configurations for noise control in automotive exhaust
systems, since their broadband attenuation is obtained predominantly in the mid- to high-frequency range.

Few reported attempts are available on the combination of the reactive behavior of extended ducts and the
dissipative effects of absorbing material. Selamet et al. [18] studied a hybrid silencer combining a Helmholtz
resonator and two dissipative chambers by the boundary element method. This configuration was shown to
provide an improved transmission loss at low frequencies, while keeping a reasonable level of attenuation in
the high-frequency range. Recently, Selamet et al. [19] and Denia et al. [20] have studied the effect of variations
in the internal structure of the dissipative silencer. These works presented 2D analytical approaches for the
consideration of absorbent-filled and empty extended inlet and outlet ducts, respectively, and a good
comparison with experiments and numerical results was shown for some specific configurations. The
combination of reactive and dissipative effects in hybrid mufflers can be further explored in view of its
potential contribution to the improvement of the acoustic performance. The objective of the present work is
therefore to investigate in detail the acoustic characteristics of perforated dissipative mufflers with empty
extended inlet/outlet. The extensions are purely reactive, that is, the absorbing material is only confined to the
central region of the chamber, thus enabling an approximate control of the quarter-wave resonator
frequencies. To achieve this objective, an analytical approach is presented, and a benchmark with FE
calculations is carried out to provide validation. Both approaches are also compared with experimental work
for further validation.

Following this Introduction, the 2D axisymmetric analytical approach is described, in two basic steps:
(1) the evaluation of the coupled axial wavenumber for the fibrous material and central perforated pipe
section; and (2) the consideration of the conditions to be satisfied by the acoustic field in the axial direction at
the muffler discontinuities. These steps lead to an algebraic system of equations from which the wave
coefficients in the pertinent ducts are evaluated. Different procedures for the generation of this system of
equations are presented, whose suitability is analyzed by comparison with finite element method (FEM) and
experiments for selected configurations. A number of geometries are then analyzed, including the effect of
inlet/outlet lengths, fiber resistivity, porosity of the perforated surfaces, and muffler dimensions. In addition,
comparison is also given with different muffler configurations of earlier works, such as reactive extended inlet/
outlet chambers, dissipative mufflers without extensions and mufflers with absorbent-filled extensions.
2. Mathematical approach

Fig. 1 shows the geometry of a perforated dissipative circular muffler with empty inlet/outlet extensions.
The total length L is divided into an extended inlet of length LB, a central chamber of length LC, and an
extended outlet of length LD. A homogeneous and isotropic sound-absorbing material characterized by the
complex density ~r and speed of sound ~c is placed in the central region of the chamber between radii R1 and R2,
and confined by perforated screens whose nondimensionalized acoustic impedances are ~zpi, with i ¼ 1, 2, 3.
The air in the central inner duct as well as in the extended annular regions is characterized by the speed of
sound c0 and density r0. Five regions denoted by A, B, C (including both the central inner duct and the sound-
absorbing material), D, and E are depicted in Fig. 1.
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Fig. 1. Perforated dissipative circular muffler with empty extended ducts.
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2.1. Wave propagation in regions A and E

The solution of the Helmholtz equation may be expressed for the extended inlet A (and duct E) as [3]

PAðr; z1Þ ¼
X1
n¼0

ðAþn e
�jkz;A;nz1 þ A�n e

jkz;A;nz1ÞcA;nðrÞ, (1)

where j ¼
ffiffiffiffiffiffiffi
�1
p

is the imaginary unit, n the mode number, (r, z1) the cylindrical coordinates, and Aþn ; A�n the
wave propagation coefficients. Here cA; n rð Þ is the eigenfunction for the duct, given by the zeroth-order Bessel
function of the first kind J0ðkr;A;nrÞ, where the radial wavenumber kr,A,n satisfies the rigid wall boundary
condition. The axial wavenumber kz,A,n of the mode n is given by

k2
z;A;n ¼ k2

0 � k2
r;A;n, (2)

with k0 ¼ o/c0 being the wavenumber in air and o the angular frequency. The acoustic velocity in z direction
in region A may be written, using Eq. (1) and the linearized momentum equation [1], to give

UAðr; z1Þ ¼
1

r0o

X1
n¼0

kz;A;nðA
þ
n e
�jkz;A;nz1 � A�n e

jkz;A;nz1 ÞcA;nðrÞ. (3)
2.2. Wave propagation in regions B and D

In the case of the annular duct B (and D), a solution of the Helmholtz equation is assumed in the form [3]

PBðr; z1Þ ¼
X1
n¼0

ðBþn e
�jkz;B;nz1 þ B�n e

jkz;B;nz1ÞcB;nðrÞ, (4)

Bþn and B�n being the wave propagation coefficients and cB; n rð Þ the eigenfunction given by

cB;nðrÞ ¼ J0ðkr;B;nrÞ �
J1ðkr;B;nR2Þ

Y 1ðkr;B;nR2Þ
Y 0ðkr;B;nrÞ. (5)

Here, J1 is the first-order Bessel function of the first kind, Y0 and Y1 are the zeroth- and first-order Bessel
functions of the second kind, respectively, and kr,B,n is the radial wavenumber satisfying the rigid wall
boundary condition in the inner and outer annulus walls. The axial wavenumber kz,B,n can be obtained from

k2
z;B;n ¼ k2

0 � k2
r;B;n, (6)
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and the axial velocity is given by

UBðr; z1Þ ¼
1

r0o

X1
n¼0

kz;B;nðB
þ
n e
�jkz;B;nz1 � B�n e

jkz;B;nz1 ÞcB;nðrÞ. (7)

2.3. Wave propagation in region C

In region C, the acoustic pressure is written as [14]

PCðr; z1Þ ¼
X1
n¼0

ðCþn e
�jkz;C;nz1 þ C�n e

jkz;C;nz1 ÞcC;n;PðrÞ, (8)

which can be divided into two parts as

PCðr; z1Þ ¼
PC1
ðr; z1Þ; 0prpR1;

PC2
ðr; z1Þ; R1prpR2;

(
(9)

for the central inner duct and the sound-absorbing material, respectively. In addition, the transversal pressure
eigenfunction is given by

cC;n;PðrÞ ¼
cC1;n;PðrÞ; 0prpR1;

cC2;n;PðrÞ; R1prpR2:

(
(10)

The central inner duct and outer chamber with absorbing material have the same axial wavenumber kz,C,n,
which is related to the radial wavenumber of the air kr,C,n and fiber ~kr;C;n through

k2
z;C;n ¼ k2

0 � k2
r;C;n, (11)

k2
z;C;n ¼

~k
2
� ~k

2

r;C;n. (12)

The wavenumbers and the eigenfunctions can be evaluated from the conditions to be satisfied by the acoustic
field, as established in Refs. [11,14]. These conditions are: (1) the pressure is finite at r ¼ 0; (2) the radial
velocity is zero at r ¼ R2; (3) the radial velocity is continuous across the perforated duct with r ¼ R1; and (4)
the perforated screen leads to an acoustic pressure difference that can be expressed by

PC1
ðr; z1Þ � PC2

ðr; z1Þ ¼ r0c0 ~zp1Ur; r ¼ R1, (13)

Ur being the radial acoustic velocity at the perforated surface. The foregoing four conditions yield the
characteristic equation and the eigenfunctions. The former can be written as

r0 ~kr;C;n

~rkr;C;n

J0ðkr;C;nR1Þ

J1ðkr;C;nR1Þ
þ

j~zp1kr;C;n

k0

 !
¼

J0ð
~kr;C;nR1ÞY 1ð

~kr;C;nR2Þ � Y 0ð
~kr;C;nR1ÞJ1ð

~kr;C;nR2Þ

J1ð
~kr;C;nR1ÞY 1ð

~kr;C;nR2Þ � Y 1ð
~kr;C;nR1ÞJ1ð

~kr;C;nR2Þ
, (14)

which is solved in combination with Eqs. (11) and (12) to obtain the axial wavenumbers. Details of an iterative
solution technique can be found in Ref. [14]. Finally, the transversal pressure eigenfunctions in region C are
given by

cC;n;PðrÞ ¼

J0ðkr;C;nrÞ; 0prpR1;

F J0ð
~kr;C;nrÞ �

J1ð
~kr;C;nR2Þ

Y 1ð
~kr;C;nR2Þ

Y 0ð
~kr;C;nrÞ

 !
; R1prpR2;

8>><
>>: (15)

with

F ¼ J0ðkr;C;nR1Þ þ
j~zp1kr;C;n

k0
J1ðkr;C;nR1Þ

 !
Y 1ð

~kr;C;nR2Þ

J0ð
~kr;C;nR1ÞY 1ð

~kr;C;nR2Þ � J1ð
~kr;C;nR2ÞY 0ð

~kr;C;nR1Þ
. (16)
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In view of the linearized momentum equation and Eqs. (8) and (15), the axial velocity in region C may be
expressed as

UCðr; z1Þ ¼
1

r0o

X1
n¼0

kz;C;nðC
þ
n e
�jkz;C;nz1 � C�n e

jkz;C;nz1ÞcC;n;U ðrÞ (17)

with the transversal velocity eigenfunction given by

cC;n;U ðrÞ ¼

J0ðkr;C;nrÞ; 0prpR1;

F
r0
~r

J0ð
~kr;C;nrÞ �

J1ð
~kr;C;nR2Þ

Y 1ð
~kr;C;nR2Þ

Y 0ð
~kr;C;nrÞ

 !
; R1prpR2:

8>><
>>: (18)

2.4. Evaluation of the wave coefficients

Once the expressions for the acoustic pressure and velocity have been established, the unknown wave
coefficients can be evaluated by applying the axial matching conditions. Considering the muffler depicted
earlier in Fig. 1, the conditions of the acoustic pressure and velocity at z1 ¼ 0 (expansion) are

PAjz1¼0 ¼ PCjz1¼0 for 0prpR1, (19)

PBjz1¼0 � PCjz1¼0 ¼ r0c0 ~zp2UBjz1¼0 for R1prpR2, (20)

UC jz1¼0 ¼
UAjz1¼0 for 0prpR1;

UBjz1¼0 for R1prpR2:

(
(21)

Note that Eq. (20) accounts for the effect of a perforated screen, relating the acoustic pressure difference
between regions B and C with the acoustic impedance and the axial acoustic velocity. For the left end rigid
plate, the velocity condition is

UBjz1¼�LB
¼ 0 for R1prpR2 (22)

and, in view of the orthogonality of the eigenfunction [3] this yields

Bþn ¼ B�n e
�2jkz;B;nLB . (23)

Similarly, at z1 ¼ LC and z2 ¼ 0 (contraction),

PE jz2¼0 ¼ PC jz1¼LC
for 0prpR1, (24)

PC jz1¼LC
� PDjz2¼0 ¼ r0c0 ~zp3UDjz2¼0 for R1prpR2, (25)

UC jz1¼LC
¼

UE jz2¼0 for 0prpR1;

UDjz2¼0 for R1prpR2:

(
(26)

Finally, at the right wall of the muffler

UDjz2¼LD
¼ 0 for R1prpR2, (27)

thus giving

D�n ¼ Dþn e
�2jkz;D;nLD . (28)

The calculation of the wave coefficients requires the generation of a suitable system of equations. A number of
integration procedures can be considered [13,14,19,20] to obtain the solution to Eqs. (19)–(21) and (24)–(26).
One approach consists of truncating the number of modes to a suitable value N, and then integrating
Eqs. (19)–(21) and (24)–(26) directly over discrete zones at the geometrical discontinuities. This direct
integration (DI) procedure, as elaborated in Appendix A, was shown to be effective in dissipative chambers
without extensions [13,14], with the integrals carried out along the radius.
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An alternative to the foregoing DI approach is the standard mode-matching method, which uses a weighted
integration (WI) over the whole cross-sectional area [19], with the weighting functions being the transverse
modes of the ducts. For the expansion, the integral associated with the pressure continuity, Eq. (19), may then
be expressed as

XN

n¼0

ðAþn þ A�n Þ

Z R1

0

cA;nðrÞcA;sðrÞrdr ¼
XN

n¼0

ðCþn þ C�n Þ

Z R1

0

cC;n;PðrÞcA;sðrÞrdr, (29)

where s ¼ 0; 1; . . . ;N. The integration of Eq. (20) yields

XN

n¼0

B�n ðe
�2jkz;B;nLB þ 1Þ

Z R2

R1

cB;nðrÞcB;sðrÞrdr�
XN

n¼0

ðCþn þ C�n Þ

Z R2

R1

cC;n;PðrÞcB;sðrÞrdr

¼
c0 ~zp2

o

XN

n¼0

kz;B;nB�n ðe
�2jkz;B;nLB � 1Þ

Z R2

R1

cB;nðrÞcB;sðrÞrdr, ð30Þ

and the integration of the velocity conditions given by Eq. (21) leads to

XN

n¼0

kz;C;nðC
þ
n � C�n Þ

Z R2

0

cC;n;U ðrÞcC;s;PðrÞrdr ¼
XN

n¼0

kz;A;nðA
þ
n � A�n Þ

Z R1

0

cA;nðrÞcC;s;PðrÞrdr

þ
XN

n¼0

kz;B;nB�n ðe
�2jkz;B;nLB � 1Þ

Z R2

R1

cB;nðrÞcC;s;PðrÞrdr. ð31Þ

Note that in Eq. (31) the mode cC;s;PðrÞ is used as a weighting function to retain orthogonality [21] on the left-
hand side (the difference between cC;s;PðrÞ and cC;s;U ðrÞ is the term r0= ~r). For the contraction, similar
equations are obtained. The integrations of Eqs. (24)–(26) respectively yield

XN

n¼0

ðEþn þ E�n Þ

Z R1

0

cE;nðrÞcE;sðrÞrdr

¼
XN

n¼0

ðCþn e
�jkz;C;nLC þ C�n e

jkz;C;nLC Þ

Z R1

0

cC;n;PðrÞcE;sðrÞrdr, ð32Þ

XN

n¼0

ðCþn e
�jkz;C;nLC þ C�n e

jkz;C;nLC Þ

Z R2

R1

cC;n;PðrÞcD;sðrÞrdr

�
XN

n¼0

Dþn ð1þ e�2jkz;D;nLDÞ

Z R2

R1

cD;nðrÞcD;sðrÞrdr

¼
c0 ~zp3

o

XN

n¼0

kz;D;nDþn ð1� e�2jkz;D;nLD Þ

Z R2

R1

cD;nðrÞcD;sðrÞrdr, ð33Þ

XN

n¼0

kz;C;nðC
þ
n e
�jkz;C;nLC � C�n e

jkz;C;nLC Þ

Z R2

0

cC;n;U ðrÞcC;s;PðrÞrdr

¼
XN

n¼0

kz;E;nðE
þ
n � E�n Þ

Z R1

0

cE;nðrÞcC;s;PðrÞrdr

þ
XN

n¼0

kz;D;nDþn ð1� e�2jkz;D;nLD Þ

Z R2

R1

cD;nðrÞcC;s;PðrÞrdr, ð34Þ
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with s ¼ 0; 1; . . . ;N. The integrals involved in Eqs. (29)–(34) can be analytically evaluated as [22]

Z r0

0

B0ðlrÞC0ðmrÞrdr ¼

r0

l2 � m2
ðlB1ðlrÞC0ðmrÞ � mB0ðlrÞC1ðmrÞÞ; lam;

r20
2
ðB0ðlrÞC0ðlrÞ þ B1ðlrÞC1ðlrÞÞ; l ¼ m;

8>><
>>: (35)

with B0, C0 and B1, C1 being the Bessel functions of any kind, and zeroth- and first-order, respectively.
To determine the acoustic attenuation performance of the muffler, the transmission loss can be evaluated. If

the values Aþ0 ¼ 1; Aþn ¼ 0; n40 (incident plane wave) and E�n ¼ 0 for n ¼ 0; 1; 2; . . . (anechoic termination)
are assumed, the system defined by Eqs. (29)–(34) provides a set of 6 (N+1) equations with 6 (N+1)
unknowns (A�n ; B�n ; Cþn ; C�n ; Dþn and Eþn ). Once these values are solved, the transmission loss is evaluated as

TL ¼ �20 log10jE
þ
0 j. (36)
3. Results and discussion

The configurations considered in the study are shown in Table 1. Geometries 1–4 are defined by
R1 ¼ 0.0268m, R2 ¼ 0.0886m, and L ¼ LB+LC+LD ¼ 0.2m, corresponding to the prototype fabricated to
carry out the experimental measurements. For these geometries, different lengths of the extended inlet and
outlet ducts are considered. These lengths are chosen to cover a broad range of possible configurations:
LB ¼ LD ¼ 0m, no extensions, geometry 1; LB ¼ 0.087m, LD ¼ 0.037m, optimal extensions for a reactive
chamber [3], geometry 2; LB ¼ 0.075m, LD ¼ 0.025m, shorter extensions than the optimal case, geometry 3;
and LB ¼ 0.1m, LD ¼ 0.05m, longer extensions than the optimal configuration, geometry 4. To illustrate the
behavior of larger mufflers, geometries 5–7 have a larger chamber radius, defined by R2 ¼ 0.1772m, and the
axial lengths are also modified: LB ¼ 0.075m, LC ¼ 0.1m, LD ¼ 0.025m, geometry 5 (similar to geometry 3);
LB ¼ 0.15m, LC ¼ 0.2m, LD ¼ 0.05m, geometry 6 (twice the values of geometry 3); and LB ¼ 0.3m,
LC ¼ 0.4m, LD ¼ 0.1m, geometry 7 (four times the values of geometry 3). For the absorbing material
considered in the present work, the complex values of the characteristic impedance ~Z ¼ ~r~c and wavenumber
~k ¼ o=~c are given by [18]

~Z ¼ Z0 1þ 0:09534
f r0
R

� ��0:754 !
þ j �0:08504

f r0
R

� ��0:732 !" #
, (37)

~k ¼ k0 1þ 0:16
f r0
R

� ��0:577 !
þ j �0:18897

f r0
R

� ��0:595 !" #
, (38)

where Z0 ¼ r0c0 is the characteristic impedance of air, f is the frequency, and R is the steady airflow resistivity:
4896 or 17378 rayl/m for bulk densities of 100 or 200 kg/m3, respectively. The dimensionless perforate acoustic
impedance ~zp used in Eqs. (13), (20), and (25) establishes the relationship between the acoustic pressure drop
Table 1

Geometry of perforated dissipative mufflers with empty extensions

Geometry R1 (m) R2 (m) LB (m) LC (m) LD (m)

1 0.0268 0.0886 0.0 0.2 0.0

2 0.0268 0.0886 0.087 0.076 0.037

3 0.0268 0.0886 0.075 0.1 0.025

4 0.0268 0.0886 0.1 0.05 0.05

5 0.0268 0.1772 0.075 0.1 0.025

6 0.0268 0.1772 0.15 0.2 0.05

7 0.0268 0.1772 0.3 0.4 0.1
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and the normal acoustic velocity through the interface. The acoustic impedance in the absence of absorbing
material is given by [23,24]

zp ¼
0:006þ jk0ðtp þ 0:85dhF ðsÞÞ

s
, (39)

with dh denoting the hole diameter, tp the thickness, s the porosity, and F(s) a function that accounts for the
interaction between holes. Here, F(s) is obtained as the average value of Ingard’s and Fok’s corrections [24],
denoted as FI(s) and FF(s), respectively. Ingard’s function is given by

F I ðsÞ ¼ 1� 0:7
ffiffiffi
s
p

, (40)

and Fok’s correction is written as

FF ðsÞ ¼ 1� 1:41
ffiffiffi
s
p
þ 0:34ð

ffiffiffi
s
p
Þ
3
þ 0:07ð

ffiffiffi
s
p
Þ
5. (41)

To incorporate the effect of the absorbing material, Eq. (39) has been modified to [18,25]

~zp ¼
0:006þ jk0ðtp þ 0:425dhð1þ ð ~Z=Z0Þð

~k=k0ÞÞF ðsÞÞ
s

. (42)

The properties of the perforated surfaces will be specified later in Section 3.4.
First, the analytical methodology is compared with FE calculations, and both the analytical and numerical

modeling techniques are also validated with experimental results for a selected configuration. Then, the effect
of extension lengths, resistivity of the absorbing material, porosity of the perforated screens, and muffler
dimensions is investigated in detail. A comparison between DI and WI approaches is given in Appendix B.
3.1. Validation

Fig. 2 shows the transmission loss of the dissipative muffler with empty inlet/outlet extensions associated
with geometry 3. Comparison is given between the DI (radius and area integrals) and WI procedures for
N ¼ 13 (14 modes). Also included for validation purposes are the FE solution and an experimental
measurement. A value of R ¼ 4896 rayl/m is considered, and no perforated surfaces are included. The porosity
of the perforated surfaces in the experimental measurement depicted is very high (over 80%), and therefore the
values ~zp1 ¼

~zp2 ¼
~zp3 ¼ 0 have been used in the computations. Analytical results and FEM calculations show

an excellent agreement, although the DI approach exhibits slight discrepancies close to 1600Hz even when the
solutions chosen have a very low error (see Appendix B, Fig. B1(b), DI radius and DI area with 14 modes). In
addition, experimental measurements are included that demonstrate the accuracy of the models for practical
purposes. Therefore, the WI approach is selected for the analysis of the acoustic attenuation performance of
perforated dissipative mufflers with empty inlet/outlet extensions, which is presented in the following sections.
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Fig. 2. Transmission loss of dissipative muffler with empty inlet/outlet extensions, geometry 3 and R ¼ 4896 rayl/m: ——, WI; - - - -, DI,

radius; – – –, DI, area;+++, FEM; JJJ, experimental.
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3.2. Effect of extensions

The lengths considered in this section for the muffler with empty extended inlet/outlet ducts are those
detailed in Table 1, which are chosen to show the effect of arbitrary lengths, such as geometries 3 and 4, as well
as theoretically suitable extended ducts (geometry 2) for a chamber without absorbing material [3,4]. In
addition, similar dissipative mufflers with absorbent-filled inlet/outlet extensions are also considered [19] to
examine the effect of removing absorbent from the extensions. Geometry 1 is a fully filled dissipative muffler
without extensions which has been included in the analysis for comparison purposes. A value of
R ¼ 2000 rayl/m is considered for all the configurations including fiber, and no perforated surfaces are taken
into account in this section.

Fig. 3 shows the TL of geometry 3 obtained by means of the WI analytical approach presented in this work,
as well as the TL of the same geometry completely filled with absorbing material [19] and without fiber [3].
A fully filled dissipative muffler without extensions associated with geometry 1 is also considered to compare
the acoustic performance. At low and mid frequencies, the dissipative muffler with empty inlet/outlet
extensions exhibits an attenuation with some resemblance to that related to the reactive chamber, retaining the
quarter-wave resonance. The presence of absorbing material in the central part of the muffler eliminates the
pass bands, thus leading to a better acoustic behavior, and introduces some damping and a slight frequency
shift at the maximum attenuation. At higher frequencies, the collapse of the TL associated with the reactive
chamber is evident, whereas the muffler with empty extensions partially retains the good acoustic properties of
dissipative silencers at high frequencies. As far as the absorbent-filled extended inlet/outlet muffler is
concerned, its behavior deviates from that observed in the configuration with empty extensions, since the
primary resonance peak is essentially eliminated. A higher attenuation appears close to 1600Hz, although the
prediction of this behavior is not as intuitive as in the case of the empty extensions, in which the peaks are
close to those of a purely reactive muffler. At higher frequencies, the attenuation is better in the case of the
absorbent-filled extensions, since this geometry includes more absorbing material. Regarding the dissipative
muffler without extensions (geometry 1), its behavior is clearly worse in the low and mid frequency range in
comparison with the other dissipative configurations, since the participation of resonances is excluded. For
higher frequencies, however, the acoustic performance is better. The intersection of TL between this muffler
and the empty inlet/outlet geometry is approximately at 1800Hz.

A similar analysis can be carried out from the results depicted in Fig. 4 for geometry 2. The extensions are
now selected so that the reactive geometry exhibits a broadband attenuation dome without pass bands [3], at
least before the propagation of higher-order modes. In this case, the dissipative muffler with empty extensions,
as well as the absorbent-filled configuration, reproduce this behavior, with a slight advantage in the former
case in the mid frequency range, due to a resonance close to 800Hz. For higher frequencies, both geometries
are better than the reactive configuration, as expected. Since the extended lengths are now longer than in
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Fig. 3. Transmission loss of dissipative mufflers, R ¼ 2000 rayl/m: ——, geometry 3, empty extensions; – - – - –, geometry 3, absorbent-

filled extensions; - - - -, geometry 3, no fiber; – – –, geometry 1, fully filled, no extensions.
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Fig. 4. Transmission loss of dissipative mufflers, R ¼ 2000 rayl/m: ——, geometry 2, empty extensions; – - – - –, geometry 2, absorbent-

filled extensions; - - - -, geometry 2, no fiber; – – –, geometry 1, fully filled, no extensions.
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Fig. 5. Transmission loss of dissipative mufflers, R ¼ 2000 rayl/m: ——, geometry 4, empty extensions; – - – - –, geometry 4, absorbent-

filled extensions; - - - -, geometry 4, no fiber; – – –, geometry 1, fully filled, no extensions.
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geometry 3, the amount of fiber in the case of the muffler with empty extensions is reduced, leading to a lower
attenuation for higher frequencies in comparison with Fig. 3.

For longer extensions (geometry 4), as those considered in Fig. 5, the comments associated with Fig. 3 are
also valid with some remarks. The empty extensions configuration still exhibits the best acoustic performance
among the dissipative mufflers for low frequencies. The intersection of TL between the fully filled
configuration without extensions (geometry 1) and empty extensions configuration (geometry 4) is now at
1260Hz, whereas in Fig. 3 this value was 1800Hz between geometries 1 and 3. The empty extensions of
geometry 4 are longer than those of geometries 2 and 3, and therefore the length of the central part with fiber is
shorter in the case of geometry 4. This leads to a lower attenuation in the high-frequency range for the empty
extensions configuration of Fig. 5 in comparison with Figs. 3 and 4. Geometry 4 with absorbent-filled
extensions also suffers this detrimental effect for longer extensions, as it has been observed by Selamet et al.
[19]. At high frequencies, the behavior of mufflers with empty and absorbent-filled extensions is better than in
the case of the purely reactive chamber, except for some narrow frequency bands associated with resonant
peaks.
3.3. Effect of resistivity

The effect of the flow resistivity for the values R ¼ 1000, 2000 and 4896 rayl/m is analyzed in Figs. 6 and 7,
for geometries 2 (LB ¼ 0.087m, LD ¼ 0.037m) and 4 (LB ¼ 0.1m, LD ¼ 0.05m), respectively, with empty
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Fig. 6. Transmission loss of dissipative mufflers: ——, geometry 2, R ¼ 1000 rayl/m; - - - -, geometry 2, R ¼ 2000 rayl/m; – – –, geometry 2,

R ¼ 4896 rayl/m; JJJ, geometry 1, R ¼ 1000 rayl/m; � � � , geometry 1, R ¼ 2000 rayl/m; +++, geometry 1, R ¼ 4896 rayl/m.
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Fig. 7. Transmission loss of dissipative mufflers: ——, geometry 4, R ¼ 1000 rayl/m; - - - -, geometry 4, R ¼ 2000 rayl/m; – – –, geometry 4,

R ¼ 4896 rayl/m; JJJ, geometry 1, R ¼ 1000 rayl/m; � � � , geometry 1, R ¼ 2000 rayl/m; +++, geometry 1, R ¼ 4896 rayl/m.
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extensions. In both cases, comparison is given with the TL associated with geometry 1 and the same
resistivities. The values ~zp1 ¼

~zp2 ¼
~zp3 ¼ 0 have been used in all the analytical computations.

From Fig. 6, the effect of the fiber resistivity is very clear. With empty extensions (geometry 2), the behavior
is improved in the mid frequency range as the resistivity is reduced, and the peaks associated with resonances
shift to lower frequencies for higher resistivities. The opposite trend is true in the high-frequency range, where
higher resistivities lead to increased attenuation. For geometry 1 (no extensions), the behavior is basically
improved as the resistivity increases. Comparing both geometries, it may be concluded that empty extensions
enable to obtain a better acoustic performance in the mid frequency range, mainly for low resistivities. As the
resistivity of the absorbing material becomes higher, this advantage of the geometry with empty extensions is
gradually lost. For longer extensions (Fig. 7), such as those of geometry 4, the amount of fiber is reduced in the
central part of the muffler with empty extensions. Therefore, geometry 4 keeps its dominance for low
frequencies, but the performance of geometry 1 becomes better earlier (lower frequencies) than in Fig. 6. The
frequencies at which the TL of both geometries intercept are reduced as the resistivity is increased.

3.4. Effect of perforated surfaces

The effect of perforated surfaces on the acoustic attenuation performance of mufflers with empty extensions
is shown in Fig. 8 for geometry 3 and R ¼ 4896 rayl/m. The perforations have dh ¼ 0.0035m and
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Fig. 8. Transmission loss of dissipative muffler with empty inlet/outlet extensions, geometry 3 and R ¼ 4896 rayl/m: - - - -, 100% open;

– – –, perforated central pipe, s ¼ 11%; ——, perforated central pipe and plates, s ¼ 11%; +++, perforated central pipe and plates,

s ¼ 11%, FEM; JJJ, perforated central pipe and plates, s ¼ 11%, experimental.
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Fig. 9. Transmission loss of dissipative mufflers with empty inlet/outlet extensions, R ¼ 1000 rayl/m: - - - -, geometry 3; ——, geometry 5;

+++, same, FEM; – – –, geometry 6; – - – - –, geometry 7.
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tp ¼ 0.0003m and the porosity is s ¼ 11%. For this value of porosity, two configurations are analyzed, the
former with only a perforated central duct and fully open lateral plates, and the latter with perforated central
duct and plates. In addition to the analytical results, FEM calculations and experimental measurements are
included for the configuration with perforated central duct and lateral surfaces, to provide validation.
A reduction of the porosity leads to detrimental effect in the acoustic attenuation performance, with the
exception of low frequencies, similar to the results found in other muffler geometries [16,19]. Above 800Hz,
the best attenuation is obtained by the muffler without perforated interface, followed by the configuration
with only a central perforated pipe and fully open lateral plates. The addition of perforated end plates
produces a lower attenuation in the mid frequency range, although the behavior is similar at high frequencies.

3.5. Effect of muffler dimensions

Results for larger dissipative mufflers with empty inlet/outlet extensions are presented in Fig. 9, while
retaining geometry 3 for comparison purposes. The chamber radius R2 ¼ 0.1772m associated with geometries
5–7 is twice the value of geometry 3, therefore promoting the participation of higher order modes. To reduce
the attenuation of these modes, the resistivity of the absorbing material is low, with a value R ¼ 1000 rayl/m.
Different axial lengths are also considered: for geometries 3 and 5, the same values are taken into account,
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given by LB ¼ 0.075m, LC ¼ 0.1m and LD ¼ 0.025m. For geometry 6 these values are multiplied by a factor
of 2, and for geometry 7 a factor of 4 is considered. The values ~zp1 ¼

~zp2 ¼
~zp3 ¼ 0 have been used in all the

calculations.
At low frequencies, the attenuation of geometries 5–7 is clearly better than in the case of geometry 3, since

the radius R2 has been doubled. In this frequency range, the first attenuation peak of the larger mufflers
exhibits a shift towards lower frequencies as the length of the extended ducts is increased. The effect of the
higher-order modes is more important for larger mufflers, as can be observed in the figure, where the shape of
the TL becomes more irregular and a higher number of peaks can be found as the radius is increased. This
effect is also evident by comparing the frequency of the first attenuation peak for geometries 3 and 5. In the
former, this frequency is dictated by the axial resonance associated with the extended duct B. In the latter,
however, this frequency is lower, even when the length of duct B is the same, due to the propagation of the first
higher-order mode. This multidimensional propagation is properly predicted by the models, as can be inferred
from the good agreement between the analytical and FE calculations for geometry 5. Finally, at high
frequencies the attenuation is dictated in general by the presence of absorbing material. Hence, the increase of
the radius and/or the dissipative chamber length LC leads to a higher TL.
4. Conclusions

The acoustic behavior of perforated dissipative mufflers with empty extended inlet/outlet has been
investigated in detail by means of a 2D axisymmetric analytical approach and the FEM. Both approaches are
complementary, and the study has provided an opportunity to benchmark one against the other and also
against experimental measurements. To generate an algebraic system of equations from the continuity
conditions of the acoustic field in the axial direction, two procedures (DI and WI) have been presented and
discussed. A benchmark with FE results shows that both analytical approaches work properly with geometries
without extensions. The performance of DI procedure, however, is reduced in terms of convergence speed in
the presence of extended ducts and therefore, the WI approach has been selected. Both the analytical (WI) and
numerical (FE) modeling techniques have been compared with experiments for selected configurations,
providing a validation for practical purposes. Several effects have been studied, including the influence of the
inlet/outlet lengths, fiber resistivity, porosity of the perforated surfaces, and muffler dimensions. The use of
empty extensions provides a suitable method for controlling the quarter-wave resonator frequencies, which
leads to a desirable acoustic performance of the muffler at low and mid frequencies. In comparison with fully
filled dissipative mufflers, the empty extensions are observed to lead to a better acoustic attenuation in the mid
frequency range, mainly for low resistivities. As the resistivity of the absorbing material increases, this
advantage is gradually reduced. In addition, the presence of a sound-absorbing material in the central
chamber of the muffler with empty extended inlet/outlet ducts allows partial retention of the good properties
of the dissipative mufflers at higher frequencies, avoiding the TL collapse of purely reactive chambers. The
presence of perforated surfaces with reduced porosity produces a detrimental effect on the acoustic
performance. Finally, the consideration of larger mufflers leads to a strong effect associated with the
propagation of higher-order modes. The attenuation becomes more irregular and a higher number of peaks
can be found as the radius is increased. The presence of absorbing material avoids, however, the pass bands
commonly found in reactive chambers.
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Appendix A. Direct integration over discrete zones

For the expansion, the integrals associated with Eqs. (19)–(21) are expressed as

XN

n¼0

ðAþn þ A�n Þ

Z rm;P1

0

cA;nðrÞr
a dr ¼

XN

n¼0

ðCþn þ C�n Þ

Z rm;P1

0

cC;n;PðrÞr
a dr, (A.1)

XN

n¼0

B�n ðe
�2jkz;B;nLB þ 1Þ

Z rm;P2

R1

cB;nðrÞr
a dr�

XN

n¼0

ðCþn þ C�n Þ

Z rm;P2

R1

cC;n;PðrÞr
a dr

¼
c0 ~zp2

o

XN

n¼0

kz;B;nB�n ðe
�2jkz;B;nLB � 1Þ

Z rm;P2

R1

cB;nðrÞr
a dr, ðA:2Þ

XN

n¼0

kz;C;nðC
þ
n � C�n Þ

Z rm;U

0

cC;n;U ðrÞr
a dr

¼

PN
n¼0

kz;A;nðA
þ
n � A�n Þ

R rm;U

0 cA;nðrÞr
a dr for 0prm;UpR1;

PN
n¼0

kz;A;nðA
þ
n � A�n Þ

RR1

0 cA;nðrÞr
a dr

þ
PN
n¼0

kz;B;nB�n ðe
�2jkz;B;nLB � 1Þ

R rm;U

R1
cB;nðrÞr

a dr for R1prm;UpR2;

8>>>>>>>>><
>>>>>>>>>:

ðA:3Þ

where exponent a ¼ 0 and 1 denotes the integration over the radius and the area, respectively. Similar integrals
are obtained for Eqs. (24)–(26) of the contraction

XN

n¼0

ðEþn þ E�n Þ

Z rm;P1

0

cE;nðrÞr
a dr ¼

XN

n¼0

ðCþn e
�jkz;C;nLC þ C�n e

jkz;C;nLC Þ

Z rm;P1

0

cC;n;PðrÞr
a dr, (A.4)
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with

rm;P1 ¼
m

N þ 1
R1; m ¼ 1; :::;N þ 1, (A.7)

rm;P2 ¼ R1 þ
m

N þ 1
ðR2 � R1Þ; m ¼ 1; :::;N þ 1, (A.8)

rm;U ¼
m

N þ 1
R2; m ¼ 1; :::;N þ 1. (A.9)

The integrals involved in Eqs. (A.1)–(A.6) for a ¼ 0 can be easily evaluated by [22]Z r0

0

c0ðlrÞdr ¼ r0c0ðlr0Þ þ
1
2
pr0 H0ðlr0Þc1ðlr0Þ �H1ðlr0Þc0ðlr0Þ
� �

, (A.10)

where

cnðlrÞ ¼ AJnðlrÞ þ BY nðlrÞ; n ¼ 0; 1, (A.11)

A and B are constants, and H0 and H1 are the zeroth- and first-order Struve functions, whose computation can
be carried out by means of the procedures detailed in the work of Zhang and Jin [27].

For a ¼ 1, the integrals of Eqs. (A.1)–(A.6) can also be analytically determined in light of [22]

Z r0

0

J0ðlrÞrdr ¼

r20
2
; l ¼ 0;

r0

l
J1ðlr0Þ; la0;

8>><
>>: (A.12)

for the zeroth-order Bessel function of the first kind, andZ r0

0

Y u�1ðlrÞru dr ¼
ru0
l

Y uðlr0Þ þ
2u

pl1þu
GðuÞ (A.13)

for the zeroth-order Bessel function of the second kind. In Eq. (A.13), G(u) is Euler’s gamma function, with
G(1) ¼ 1.

Appendix B. Comparison of integration approaches

The WI and DI approaches of Section 2.4 and Appendix A, respectively, are analyzed and compared in
order to establish their suitability for the acoustic modeling of dissipative mufflers. For this analysis, the TL
has been calculated from 10 to 3200Hz in steps of 10Hz. The relative error in the TL loss is defined as

ETL ¼

PNf

i¼1jTL
analytical
i � TLFEM

i jPNf

i¼1TL
FEM
i

, (B.1)

where the reference value TLFEM has been obtained with 8-noded axisymmetric quadrilateral elements and
Nf ¼ 320. To ensure accurate results from FEM calculations, several computations have been carried out with
Sysnoise 5.6, with a refinement ratio of 2.5 [26], until ETL is lower than 0.00025 (geometry 1 without
extensions) and 0.0025 (geometry 3 with extensions) between successive refinements. The final mesh, adopted
as the reference, has more than 17000 elements and 53000 nodes, with an approximate element size of
0.0015m, except in the regions close to the expansion and contraction, where the element size has been
reduced to 0.0005m.

Figs. B1(a) and (b) show the error of the DI and WI procedures as a function of the number of modes
included in the calculation, for geometries 1 and 3 (see Table 1), respectively, when the presence of fiber with
R ¼ 4896 rayl/m is considered and no perforated surfaces are included in the analysis. Without extensions,
Fig. B1(a), the three procedures exhibit a fast convergence, with WI showing a better performance, followed
by DI (with integration over area), with a slightly higher error and some minor oscillations, and finally DI
(with integration over radius), which presents a relatively less stable behavior, mainly for a reduced number of
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Fig. B1. Error in transmission loss for a muffler with absorbing fiber, R ¼ 4896 rayl/m:’, DI, a ¼ 0; , DI, a ¼ 1;&, WI. (a) Geometry

1; (b) geometry 3.
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modes. The combination of extensions and fiber, depicted in Fig. B1(b), leads to an increase in the deviations
for the three procedures, with WI exhibiting a nearly monotonic convergence and a lower error with higher
number of modes. The deviations associated with DI for both radius and area integrals are larger along with
some oscillations, where a higher number of modes does not necessarily assure a converged solution, at least
for the number of modes considered in the figure.
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